THE PROJECTIVE DIMENSION OF PROFINITE MODULES 
FOR PRO-P GROUPS 



TH. WEIGEL 

Abstract. The homology groups introduced by A. Brumer can be used to 
establish a criterion ensuring that a profinite F P [G] -module of a pro-p group 
G has projective dimension d < oo (cf. Thm. A). This criterion yields a new 
characterization of free pro-p groups (cf. Cor. B). Applied to a semi-direct 
factor G Z p G isomorphic to Z p which defines a non-trivial end in the 
sense of A. A. Korenev one concludes that the closure of the normal closure of 
the image of a is a free pro-p subgroup (cf. Thm. C). From this result we will 
deduce a structure theorem (cf. Thm. D) for finitely generated pro-p groups 
with infinitely many ends. 



1. Introduction 

In an abelian category A with enough projective objects the projective dimension 
prdim(A) of an object A G ob(„4) is the minimal length of a projective resolution 
of A (cf. (|2.3[) ). Moreover, it is well known that 

(1.1) prdim(A) = mm({d G N | Ext^ +1 (A,_) = 0} U {oo}) 

(cf. |21[ Lemma 4.1.6]). The main purpose of this paper is to show that in the 
abelian category of prohnte left F p [G]-modules for a pro-p group G less information 
is necessary in order to detect the projective dimension of an object, and to discuss 
several consequences of this fact. The first main result can be stated as follows (cf. 
Thm. EH). 

Theorem A. Let G be a pro-p group, and let B be a basis of neighbourhoods of 
1 G G consisting of open subgroups of G. Assume further that M is a profinite left 
F p [G] -module satisfying Hd(G,M) ^ 0. Then the following are equivalent. 

(i) prdim(M) = d; 

(ii) coi G ,u : H d (G, M) — > H d (U, resg(M)) is infective for all U eB. 

Here H, (G,_) denote the homology groups introduced in [3], and the mapping 
cotg,u- Hd(G,M) — > Hd(U,reSjj(M)) is the corestriction mapping. For a pro- 
p group G we denote by $(G) = cl(G p [G, G]) its Frattini subgroup, and define 
G ab,cl = G/ < E>(G) to be its maximal elementary abelian quotient. For d = 1 and the 
trivial left F p [G]-module F p one deduces the following consequence of Theorem A 
(cf. Cor. Oil). 

Corollary B. Let G be a pro-p group, and let B be a basis of neighbourhoods of 
1 G G consisting of open subgroups of G. Then the following are equivalent: 
(i) G is a free pro-p group; 
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(ii) tx G ,u- G ab < cl -> t/ ab ' cl is injective for all U e B; 

(iii) the canonical map jej: G ab,cl — ► Z? 1 (F P ) is injective. 

Here tr^t/ : G ab ' cl — >■ f/ ab > o1 denotes the transfer from G to {/, and 
(1.2) Di (F p ) = lim^^^^F^v * lhn^^ ^([7, F p ) * lim^^C/^ 1 , 

is the abelian group introduced by J. Tate in his letter to J-P. Serre (cf. [HI §1, 
App. 1]). Note that the inverse limits in (ll.2j) are taken over all open subgroups of 
G and the maps are given by transfer. The map jei : G ab,cl — > Di(¥ p ) is just the 
canonical map. 

Let G be a pro-p group, and let r : G — > Z p be a surjective (continuous) homo- 
morphism of pro-p groups. Since Z p is a free pro-p group, there exists a continuous 
section a: 1 p — > G, i.e., to<j = idz p - For short we call a surjective homomorphism 
t: G — > Z p with a section a: 1 p — > G a semi- direct factor isomorphic to Z p . A 
semi-direct factor G ^> Z p A- G isomorphic to Z p will be called an ¥ p -direction, if 
jEi(f(l)) ^ 0. For a pro-p group with an F p -direction one has the following (cf. 
Thm.ETll 



Theorem C. Let G be a pro-p group, and let G A Z p A G fee an F p - direction. 
Then N = cl(( s S | g £ G)), S = im(cr), is o /ree normal subgroup, and one has an 
isomorphism jV ab,el ~ F p [G/7V] of profinite left ¥ p [G] -modules. Moreover, if G is 
countably based, then the induced extension 

(1.3) {1} ^Af ab . cl *-G/${N) ^G/N ^{1} 

of pro-p groups splits. 

An extension of pro-p groups 

(1.4) {1} N -^-^G^+G >{1} 

G = G/N, will be called special, if 

(i) N is a free pro-p group; 

(ii) jV ab ' cl is a projective profinite left F p [G]-module; 

(iii) the induced extension of pro-p groups 

(1.5) {1} >■ iV ab ' el — G/i($(N)) — ^->- G ^{1} 

splits. 

If the special extension ()1.4|) of pro-p groups splits, then one has an isomorphism 
G ~ F FJ G for some free pro-p group F, where FJ denotes the free product in 
the category of pro-p groups (cf. Thm. 15. 2[) . Although the authors do not know 
of any non-split special extension of pro-p groups, the authors cannot prove their 
non-existence either. 

In [7], A. A. Korenev initiated a theory of ends for pro-p groups. For a finitely 
generated pro-p group G the number of ends is given by 

'l + dim(A,(F p )) for |G| = oo, 

for |G| < oo. 



(1.6) E(G) 



In [24], we will modify this definition slightly. In order to distinguish between the 
number of ends defined in [24] and the number E(G), we will call E(G) from now 
on the number of¥ p -ends of G. A. A. Korenev showed that the only possible values 
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of E(G) are 0, 1, 2 or oo, Moreover, E(G) = holds if, and only if, G is finite, and 
E(G) = 2 holds if, and only if, G is infinite and virtually cyclic. However, as he 
mentioned, an analogue of Stallings' decomposition theorem (cf. |13j ) is missing in 
this context. The existence of non-split special extensions of pro-p groups might 
be an obstacle for proving such a theorem in this context. Nevertheless, from 
Theorem C one conludes the following result (cf. Thm. 15. 7|) . 

Theorem D. Let G be a finitely generated pro-p group with E(G) = oo. Then 
there exists an open normal subgroup U which is a special extension of rank I, i.e., 
U has a closed normal subgroup N , N ^ U , such that 

(1.7) {1} ^N— U-£7 — ^U/N ^{1} 

is a special extension, and N &b ' cl is isomorphic to¥ P lU/Nj as profinite left F p \U / 'NJ- 
module. 

In [24) we will introduce the number of Z p -ends. It will be shown that in this con- 
text there holds an analogue of Stalling's decomposition theorem (cf. (24] Thm. B]). 
The proof of this decomposition theorem will make use of Theorem C in an essential 
way. 

The proof of Theorem A and Theorem C is based on several facts concerning co- 
homological Mackey functors for profinite groups and, in particular, pro-p groups. 
Since these techniques have never been applied before in this context, a consid- 
erable part of this paper is dealing with the machinery of cohomological Mackey 
functors. The section cohomology groups introduced in section |4] will allow us to 
establish certain injectivity criteria for natural transformations of cohomological 
Mackey functors for pro-p groups (cf. fc|4.6[) . These injectivity criteria will be an 
essential tool in the proof of Theorem C. 



2. Profinite modules 

For a prime number p we denote by ¥ p the finite field with p elements, by Z p 
the ring of p-adic integers, and by Q p the field of p-adic numbers. 

2.1. Abelian pro-p groups. By F p prf and z p prf we denote the abelian cate- 
gories of profinite F p -vector spaces and abelian pro-p groups, respectively. These 
categories are full subcategories of the category of topological Z p -modues. The 
Pontryagin duality functor _ v = Hom^ s (_, Q p /Z p ) is exact and induces natural 
equivalences 

- V : F p prf op — > (Us. _ v : Fp dis op — > prf, 

' 2 ' ' - v : ZpP rf op — ► Zp tor, _ v : Zp tor op — ► ZpP rf , 

where p dis is the abelian category of F p -vector spaces, and z tor denotes the 
abelian category of discrete Z p -torsion modules. By f .g.g mod we denote the full 
subcategory of z p prf the objects of which are finitely generated Z p -modules. From 
Pontryagin duality one concludes easily that M 6 ob(z p prf) is projective if, and 
only if, M is torsion free. By tor(M) C M we denote the closure of the Z p -torsion 
elements in M , i.e., M is torsion free if, and only if, tor(M) = 0. 

For M £ ob( Zp prf) we put M /p = M/pM. Then _ /p : Zp prf -> F p prf is an 
additive right exact functor, and one has the following straightforward fact. 
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Fact 2.1. Let <f>: M — » Q be a continuous homomorphism of abelian pro-p groups. 
Then <fi is surjective if, and only if, <j)/ p : M/ p — > Qi p is surjective. 

Let A £ ob(z p prf) be an abelian pro-p group, and let gr.(^4) denote the graded 
F p [i]-module associated to the p-adic filtration (p k .A)k>o- Then every homogeneous 
component gr fc (A) is a compact F p -vector space, i.e., gr fc (A) € ob(F p prf) for all 
k > 0. Moreover, A is torsion free if, and only if, gr. (A) is a free F p [i]-module. 

Let <f>: A — > B be a homomorphism of abelian pro-p groups. Then induces a 
homomorphism of F p [i]-modules gr.(0): gr.(A) — > gr.(P), and gr fc ((/>): gr k (A) —> 
gr k (B) is continuous. One has the following fact. 

Fact 2.2. Let <fi: A — S> B be a homomorphism of finitely generated, torsion free 
Ijp-modules. Then <f> is split-infective if, and only if, gr o (0): gr (A) — > gr (B) is 
infective. 

2.2. Profinite modules for profinite groups. Let G be a profinite group. Then 

(2.2) ¥ p [Gl=^m u<oG ¥ p [G/U] and Z P [G] = Z P [G/U], 

where the inverse limits are running over all open normal subgroups of G, will 
denote the completed ¥ p -algebra and completed Z p -algebra of G, respectively. By 
F p [G]P r f we denote the abelian category of profmitqj left F p [G]-modules, and by 
z p [G]P r f the abelian category of profinite left Z p [G]-modules. Note that F p [Gjprf is 
the Pontryagin dual of Fp [Gjdis, the abelian category of discrete left F p [G]-modules, 
and that z p [G]prf is the Pontryagin dual of » [(jjdis, the abelian category of discrete 
left Z p [G]-modules. The categories F p [G]dis and Zp [ G jdis are closed with respect to 
direct limits. Moreover, the proof given in [5J §111.11] can be transferred verbatim 
in order to show that they admit minimal injective envelopes. Thus by Pontryagin 
duality one has the following. 

Fact 2.3. The abelian categories p j^jprf and z j G jprf are closed with respect to 
inverse limits and admit minimal projective covers. 

Let M £ ob(p p jG]prf) be a profinite left F p [G]-module, and let rad(M) denote 
the intersection of all maximal closed submodules of M. Then hd(M) = Mj rad(M) 
- the head of M - is the Pontryagin dual of the socle of the Pontryagin dual of M. 
Moreover, hd: F [G]P rr " ~~ ► f [G]P r f i s an additive right exact functor. By the usual 
standard argument (cf. [TJ proof of Cor. 2.5.4]) one concludes the following. 

Fact 2.4. Let M £ ob(jf p [Gjprf ), and let (P,, 8,,Sm), £m '■ Po M, be a minimal 
projective resolution of M in Fp [G]P r f- Then (hd(P # ), hd(9.)) is a chain complex 
with 0- differentials, i.e., hd(dk) = for all k £ Z. 

Let (P., 9», £jf), Em ■ Po — > M, be a projective resolution of M in Fp [ G jprf . The 
minimal number n £ No U {oo} such that P n +j = for all j > 1 is called the length 
of (P.,(9.,£m) and will be denoted by £(P.,9.,£m)- The projective dimension of 
M is defined by 

(2.3) prdim(M) = min{ £(P,, 9.,ejvf) | (P«, 9,,Em) projective resolution of M }. 

This number coincides with the length of a minimal projective resolution of M. 
For further details concerning profinite F p [G]- and Z p [G]-modules the reader may 
consult g], [TO], [LT] and [T3]. 



In this context the word profinite has to be read as pro(finite and discrete). 
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2.3. Homology. Let prf F j g j and prf Zp j G j denote the abelian categories of right 
profinite F p [G] -modules and right profinite Z p [G]-modules, respectively. The com- 
pleted tensor product 

(2 4) -So-: priF p [G] x F p [G]Prf — > ,prf, 

-§G-: prf Zp [G] x z p [G]Prf — ► z p prf, 

introduced by A. Brumer in [4 is a right /right-exact additive bifunctor. Their left 
derived functors will be denoted by TorJ? (_,_), k > 0. Homology with coefficients 
in the profinite left Z p [G]-modulc M is defined by 

(2.5) H.(G, M) = Torf (Z p , M). 

Let G be a pro-p group. Then F p G ob( Fp [ G jprf) - the trivial left F p [G]-module 
- is the only simple profinite left F p [G]-modulc up to isomorphism. In particular, 
for any profinite left F p [G]-modulc M one has a canonical isomorphism hd(M) ~ 
F p (8>g M of profinite left F p [G]-modules. Thus from Fact 12.41 one concludes the 
following. 

Fact 2.5. Let G be a pro-p group, let M G ob(y j G jprf), and let (P.,9.,£m) ; 

£m ■ Pa M, be a minimal projective resolution of M in p j G jprf . Then the chain 
complex (F p (§g P», §>G 9,)) has 0- differentials, i.e., F p ® G dk = /or aZZ fc G Z. 

2.4. Continuous cochain cohomology groups. Let G be a profinite group. 
For M G ob(z j G jprf) we denote by Ext G (_ , M) the left derived functors of 
Hom G (_,M). Then 

(2.6) ff* s (G,M)=Ext G (Z p ,M) 

coincides with the k th -continuous cochain cohomology group with coefficients in the 
topological Z p [G]-module M. These cohomology groups were introduced by J. Tate 

in |15j . In general, the functors H k ts (G, ) will not commute with inverse limits. 

Nevertheless, one has the following property for countable inverse limits. 

Proposition 2.6. Let G be a profinite group, and let M = Um. >Q Mi with M and 

Mi, i > 0, profinite left 2j p \G\-modules. Then one has a short exact sequence 
(2.7) 

^ hV.^ H k ct -\G, Mi) H k ts (G, M) Um.^ H k ts {G, M,) 0. 

for all k > 1. 

Proof. Let on: Mi — > Mj_i denote the maps in the inverse system. As z p j G jprf 
has exact inverse limits, one has a short exact sequence 

(2.8) o — >- m — ^n^o^-^n^o^ — ^o. 

where 6((mi))j = rrij — Oj+ifmj+i). Since LJ commutes with (co-)homology, and 
as one has a natural isomorphism 

(2.9) Hom G (Q, n<> Mi) - Ui>o Hom G (Q, 

the long exact sequence associated to (12.81) can be written as 
(2-10) 

IL> H k ~ l (G, Mi) H k (G, M) n t >o H k (G, M. t ) U i>0 H k (G, M 4 ) 
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Since ker(H k (5)) = lim. >0 iJ fe (G, Mi) and as coker = lim 1 . >() H k (G, Mi), 

this yields the claim. □ 

Remark 2.7. (a) Since M» are abelian pro-p groups, H® ts (G,Mi) = are also 
abelian pro-p groups. Hence Hm^ H°(G, Mi) = 0, and 

(2.H) HUG, M) lhn^ o HUG, M t ) 

is an isomorphism. 

(b) Suppose that G is a finitely generated profinite group. Then \H^ ts (G, A)\ < oo 
for every finite, discrete left z p [G]P r f~ m °dule A. By (a), for every countably 
based profinite left z j G jprf -module M, the Z p -module H^ ts (G, M) carries nat- 
urally the structure of an abelian pro-p group. Moreover, if </>: M — > Q is a con- 
tinuous homomorphism of countably based profinite left x p [G]P r f~ mo dules, then 
HU4 1 )- Hl ts (G,M) -> HU G ,Q) is continuous. Thus, if M = lim^M,, where 
Mi are countably based profinite left z p [G]P r f -m °dules, then Um* >0 H 1 (G, Mi) = 0. 
Hence for such a 2 p [G]P r f _nl0( lule M one has an isomorphism 

(2.12) HUG, M) hm^ o if c 2 ts (G, Mi) 

Let G be a profinite group, and let r : G — >• G be an extension of G by some 
abelian pro-p group K — ker(r), i.e., one has a short exact sequence of profinite 
groups 

(2.13) s: {1} * K -^G^-ZG {1} 

and K G ob(z p [G]P r f)- By [12l Prop. 1.1.2], there exists a section 0: G — > G 
in the category of profinite sets, i.e., is a continuous mapping of profinite sets 
satisfying r o 6 = id G . Hence using the same procedure as for discrete groups 
(cf. [3] §IV.3]), one can show that one has a (canonical) one-to-one correspondence 
between the equivalence classes of short exact sequences of profinite groups [s] (cf. 
(12.131) ) and elements in the group H^ ts (G,K). So, if convenient, we will identity 
the equivalence class of short exact sequences [s] with its corresponding element in 
H^ ts (G,K). From Remark 12.7( b) one concludes the following property. 

Proposition 2.8. Let G be a finitely generated profinite group, and let r : G —> G 

be an extension of G by some abelian pro-p group K — ker(r), which is a countably 
based profinite left z p j(3jprf -module. Let {Ki | i > 1} be a decreasing countable 
basis of K consisting of open z p [G]P r f -modules. Suppose that the induced extensions 
Ti'. G I Ki — > G split for all i > 1. Then r : G — s> G is a split extension. 

Proof. Let pi: H% ts (G,K) — > H^ ts (G, Kj Ki) denote the canonical maps. By Re- 
mark E7](b), the map 

(2.14) p = ]!,>! Pi : H% ts {G, K) — > Hm. >1 HUC K/K t ) 



is an isomorphism. Let s denote the short exact sequence associated to r (cf. 
(f2~T3| ). By hypothesis, p»([s]) = 0. Hence p{[s\) = 0, and r: G -)■ G is split 
surjective. □ 
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2.5. Profinite modules for finite p-groups. Let G be a finite p-group, and 
let M € ob(y [Gjprf). Then every element g G G acts on M by a continuous 
automorphism. In particular, soc(M) = M G is a closed F p [G]-submodule of M. 
Moreover, if M is non-trivial, then soc(M) is non-trivial. From this property one 
concludes the following. 

Fact 2.9. Let G be a finite p-group, and let M 6 ob(F p [c?]prf ) be a non-trivial, 
profinite left ¥ p [G]-module. Let B C M be a closed ¥ p [G]-submodule satisfying 
B n soc G (M) = 0. Then B = 0. 

3. COHOMOLOGICAL MACKEY FUNCTORS FOR PROFINITE GROUPS 

The notion of Mackey functors for a finite group was introduced by A. Dress 
in [5]. The theory of Mackey functors has been developed and applied to the 
representation theory a finite group by several authors (cf. [2], |16) . |17j . [18], 
[in], EH])- Cohomological Mackey functors satisfy the additional identity (cMF 7 ), 
which is responsable for the existence of an intrinsic cohomology theory, the section 
cohomology which will be introduced in section 2J The definition of a cohomological 
Mackey functor for a profinite G is in analogy to the definition for a finite group. 
However, new phenomena arise, e.g., there are two restriction functors tres and 
ires, which might be different, and, even more, the restriction functor tres does not 
have to be exact in general (cf. 33. 6ft . For the convenience of the reader we discuss 
in this section the principal features of cohomological Mackey functors for profinite 
groups. 

3.1. Mackey systems. Let G be a profinite group. A non-empty set M. of open 
subgroups of G will be called a G-Mackey system, if 

(MSi) for all g e G and U £ M one has 9 U = gUg^ 1 G M, and 
(MS 2 ) for all U, V € M one has U n V e M. 

For a profinite group G there are two principal G-Mackey systems: The G-Mackey 
system of all open subgroups 

(3.1) G" = { U C G | U an open subgroup of G }, 
and the G-Mackey system of all open, normal subgroups 

(3.2) G^ — { U C G | U an open, normal subgroup of G }. 
If G is finite, one has also the G-Mackey system 

(3.3) G° = {{1},G}. 

By definition, any non-trivial subset of G^ is a G-Mackey system. Such a Mackey 
system will be called normal. Every G-Mackey system M. contains a maximal 
normal G-Mackey system = MC\G^. A G-Mackey system M. will be called 
a G-Mackey basis, if C\ UeM U = {1}. Hence in this case M forms a basis of 
neighbourhoods of 1 e G. If M is a G-Mackey system and U, V £ M. such that V 
is normal in U, then we call (U, V) a normal section in AL 
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3.2. Cohomological Mackey functors. Let G be a profinite group, and let M C 
G* be a G-Mackey system. A cohomological M-Mackey functor X is a family of 
abelian groups (X-u)ueM together with group homomorphisms 



for all U, V G M, V C U , g G G, which satisfy the following identities: 
(cMFi) i§ v = v = c^jj = id Xir for all U G M and all u G U; 
(cMF 2 ) i* w o = and ^ o t * v = t x ^ for all u,V,W e M and IV~ C 
VC 17; 

(cMF 3 ) c£ 9(7 o = cf g U for all J7 G M and g,heG; 
(cMF 4 ) if U9V a cfjj = cf v o i* v for all [Z.^gM and g G G; 
(cMF 5 ) t^y.,^ o c* y = o t^ v for all U,V E M and g € G; 

(cMF 6 ) i^Hrot^y = £ ge w W /v ^yniy,iy oc ^vn^°*y,vnw 9 ' where ^ = S -1 ^ 

for all subgroups U,V,W G M and V, C J7; 
(cMF 7 ) ^ o i* y = p . V\Ad Xu for all subgroups U,V e M,V CU. 

From now on we will follow the convention used in |20) and omit the domain in 
the notation of the morphisms c 9t u, g G G. Note that (cMFi) and (CMF3) imply 
that for U, V G A4, V normal in U, Xy carries naturally the structure of a left 
Z[[//V]-module. In this case (cMFg) reduces to the simple identity 



where N u/V = Y, xe u/v x - 

A homomorphisms of cohomological A'f-Mackey functors <f> : X — > Y is a family 
of group homomorphisms 4>u : Xy — > Yjj , U G M, which commute with all the 
mappings t, t , and c S) ., g G G. For any abelian subcategory C C ^mod we denote 
by c9JI : $q(A4, C) the abelian category of all cohomological A^-Mackey functors with 
coefficients in the category C. 

Example 3.1. Let G be a profinite group, let A4 be a G-Mackey system, and let A 
be an abelian group. 

(a) By T = T(G, A) we denote the cohomological A4-Mackey functor satisfying 
TV = A, for U G At, ijj v = id a for V G M., V C J7, all mappings c s , 3 G G, are 
equal to the identity, and ty ^ = |[/ : V|. id^. It is straightforward to verify that T 
satisfies the axioms (cMFi) - (cMF 7 ). 

(b) Similarly, one defines the cohomological AJ-Mackey functor T = T(G, A) by 
Xy = A, U G M, t vu — idyi, V G M, V C [/, all mappings c ff , 3 G G, are equal 
to the identity, and i^y = |C/ : V|.id^. 

3.3. Discrete permutation modules. There are three alternative descriptions of 
cohomological Mackey functors of a profinite group G in terms of additive functors 
on certain additive categories. 

Let Ai be a G-Mackey system, and let be a finite, discrete left G-set. We call 
a left (G, A4)-set, if stabc(w) G M. for all w £ O, and Z[f2] a finitely generated, left 
Z[G, M]-permutation module. Let f .g.perm(G, A4) denote the additive category 
of finitely generated Z[G, A-fj-permutation modules. For J7 G A4 and g G G one 



(3.4) 




(3.5) 
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has an isomorphism 

(3.6) p u g : 1[G/ 9 U] — ► Z[G/U], p u g (xgUg- 1 ) = xgU, x e G. 
Moreover, if V G M, V C 17, one has homomorphisms of discrete left Z[G]-modules 

(3.7) i V)t/ : Z[G/F] — »• Z[G/D]> iv,ff(aV) = irt7, 

(3.8) to-.v : nG/U] — > Z[G/V], t a ,y(xC/) = £ reK xrV, 

where x £ G and 1Z C U is any system of coset representatives of {7 /V. One has a 
natural equivalence 

(3.9) 2l00(f .g.perm(G, M) op , zmod) ~ c^ G (X, zmod), 

where 2lt)D (. , .) denotes the category of (covariant) additive functors, which is achie- 
ved by assigning to the additive functor X g ob(2l00(f .g.perm(G, Ai)° p , zmod)) 
the cohomological .M-Mackey functor X G ob(c9JlS G (A'(, zmod)) satisfying 

(3.10) Xc = X(Z[G/C/]), c* p = X(/#), i£, v = X(i y , a ), t*„ = X(tt/, v ), 

for LT, V G M, V C 17, and .g G G. 

The additive category f .g.perm(G, A4) is naturally equivalent to its opposite 
category f .g.perm(G, M) op , i.e., 

(3.11) _* =Homz(_, Z) : f.g.perm op — > f .g.perm 

is a natural equivalence. Hence one has also a natural equivalence 

(3.12) 2100 (f .g.perm(G, M), zmod) ~ cm$ G (M, z mod) 

by assigning the additive functor X G ob(2l00(f .g.perm(G, ), zmod)) the coho- 
mological .A/f-Mackey functor X satisfying 

(3.13) X, - X(Z[G/C/]), cf XJ = ±{p g u -,), i% v = Xfev), = X^), 

Let perm(G, jM) denote the category of left Z[G, A4]-permutation modules, i.e., 
M G ob(perm(G, .M)) if M contains a family of finitely generated Z[G, .M]- 
submodules M* G ob(f.g.perm(G, M)), i G I, such that M = lim. J Mj. Then 
one has a natural equivalence 

(3.14) 2l00(f.g.perm(G,7W) op ,zmod) ~ 2l00~(perm(G, M) op , z mod), 

where 2l00~ (perm(G, jVf) op ,zmod) denotes the category of additive functors com- 
muting with inverse limits, i.e., for X G ob(2t00~(perm(G, A4)° p , jmod)) and M 
as above, one has X(_M) = fim ig7 X(Afj). In a similar fashion one obtains a natural 
equivalence 

(3.15) 2100 (f .g.perm(G, M), z mod) ~ 2l00 + (perm(G, X), z mod), 

where 2t00 + (perm(G, M), zmod) denotes the category of additive functors com- 
muting with direct limits. 

Remark 3.2. Let G be a profinite group, let M. be a G-Mackey system, and let 
X G ob(cW G (X,z p prf)). Then X v given by (cf. SO} 

(3.16) (X v )c/ = (Xc/) v , i§ tV = (tv^) v , t$ v = {i$ y ) v , cf v = (cf-i gU ) v , 
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for U, V £ M., V C U, g £ G, defines a cohomological VW-Mackey functor with val- 
ues in the abelian category z p tor, i.e., X v £ ob(cSD?3 r G (.M, z p tor)). It is straight- 
forward to verify that Pointryagin duality induces natural equivalences 



(3.17) 

and 

(3.18) 



cOT5 G (-M,F p prf) op — > cOTS G (A4, Fp dis), 
c9Jt5 G (A^, Fp dis)°P — ► cORff G (M,F.prf). 



3.4. Basic restriction functors. There are several restriction functors for coho- 
mological Mackey functors for profmite groups. Some of these functors arise simply 
by restricting the Mackey system; others are more complicated (cf. M3.6|) . 

Let G be a profmite group, let £ and A4 be G-Mackey systems, £CM, and let 
X e ob(c9Jt3 : G (.M, zmod)). Restricting the functor X to open subgroups which 
are contained in C yields a restriction functor 

(3.19) res^(_): caWff G (A*, z mod) — > c9315 G (£, z mod). 

Let OeM. Then A4(O) = {C/eA^|C/C0}isa O-Mackey system. Restricting 
a functor X g ob(c931J G (A / (, zmod)) to open subgroups U £ M contained in O 
yields a restriction functor 

(3.20) res£! (0) (_): cOT3 G (M, z mod) — > cOT^ (A^(0), z mod). 

Let A'' be a closed, normal subgroup of G, and A4at = { J7/iV \ U £ M, N C U}. 
Then .Mat is a G/iV-Mackey system. Restricting a functor X to subgroups U £ M 
containing N yields a restriction functor 

(3.21) dcf^ N (_) = res£U-): « G (A^, z mod) — ► cDJISg/n{M n , z mod) 

which can also be considered as a deflation functor. All these restriction functors 
are additive and exact, and we will use the abbreviation res for any composition of 
these functors. In particular, for U, V £ Ai, V normal in U, one has a restriction 
functor 

(3.22) res$ /v}0 (_): c9Jl$ G (M, zmod) — > c^ t//y ((f//t/)°, z mod) 

(cf. flap) ). 

3.5. The induction functor. Let G be a profmite group, and let H C G be a 

closed subgroup of G. For every finitely generated, discrete left Z[G]-permutation 
module M, res^(M) is a finitely generated, discrete left Z[iJ]-permutation module. 

Let X £ ob(cdJl'S H (H t ,zmod)). Then Y = indgj(X) is the cohomological G s - 
Mackey functor satisfying 

(3.23) Y v = X(resg(Z[G/[/])) = X(resg(Z[G/£/])) 
for U E GK 

Example 3.3. Let H be a closed subgroup of the profmite group G. 

(a) Let T = T(H,Z) € ob(cm$ H (H*, z mod)) be the cohomological ii^-Mackey 

functor described in Example ISTT a) . Let Y = ind^(T), and let U £ G". Then 
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Yu = Z[H\G/U], For V G G\ V C U, let tt V: u- H\G/V -> i?\G/C/ denote the 
canonical map. Then for r, s, g G G one has 

(3.24) cl v {HrU) = Hrg'^U, 

(3.25) i^ v (HrU) = ^ ffatV; 

HxVEir- 1 (HrU) 

(3.26) tfjj(HsV) = \H n s U : H n S V\ ■ HsU. 

(b) Let Y = Y(if,Z) G ob(cfmS' ff (i/ l) , z mod)) be the cohomological # B -Mackey 

functor described in Example 13.1( b). and Z = ind^j(Y). As before one has for 
U G that = Z[H\G/U]. For r,s,g € G one has 

(3.27) cl v (HrU) = Hrg-^U, 

(3.28) % y {HrU)= \H n r U : H n x V\ ■ HxV, 

HxVen- 1 (HrU) 

(3.29) tfjjiHsV) = HsU. 

3.6. The restriction functors trcs and ires. Let ff be a closed subgroup of the 
profinite group G. The coinduction functor 

(3.30) coind^(_): #dis — > G dis, 

coindg(M) = C H (G,M) (cf. QU §1.2.5]), M G ob( H dis), is the right adjoint to 
the restriction functor res^(_): Gdis — > #dis. The adjunction is achieved by the 
counit and unit 

e: res£(coindg(_)) — > id Hdis , 

[o.olj „ 

77: id G dis — > coind H (res ff (_)), 



where e M (f) = /(I), / 6 C H (G,M), M G ob( ff dis), and ri Q {q){g) = g.q, q G Q, 
g G G, Q G o6( G dis), i.e., 

( 3 32 j id rcsg(Q) = £ rcs g(Q) resg^g), 

idcoindf (M) = coind(e M ) ° ?7 C oindg (m) > 

(cf. [91 §IV.l, Thm. 1]). Let X G ob(c97lS r G (G l) , z mod)) be a cohomological G s - 
Mackey functor, let X G ob(2l£)0(f .g.perm(G, G$) op , z mod)) denote the associated 
contravariant additive functor, and X G ob(2lf>c>(f .g.perm(G, G"), zmod)) the as- 
sociated covariant additive functor. One has the restriction functors 

tres$(_): « G (G», z mod) — ► cWjf^.zmod), 

tresg(X) Ho = M™md% (Z[H/H ])), G if", 

iresg"„(_): « G (G J , z mod) — > cSMfo^.zmod), 

iresg* (X) Ho = X(comd% (Z[H/H ])), H G J7«; 



(3.33) 



e-g-, 



(3.34) 



tres%l(X) Ho = lim (Xa,**^), 
to Ho 

iresg„(X) ffo = lim (X[/,i^). 

COflo 
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Note that if H is open in G one has natural isomorphisms 

(3.35) tres£» (_) ~ iresg", (_) ~ resg (_) 

(cf. (|3.20[1 ). This is the reason why in [T7] there occurs only one restriction functor. 
One has the following. 

Proposition 3.4. Let G be a profinite group, let H be a closed subgroup of G, and 
let X G ob(c9Jl5 : ff (H l) , z mod)), Y G ob(c9Jl5' G (G tt , z mod)). Then one has natural 
isomorphisms 

(3.36) Hom G «(indg" s (X),Y) ~ Hom H , (X, tresg' (Y)), 

(3.37) Hom G , (Y, indg, (X)) ~ Hom fl) (iresg*, (Y), X), 
i.e., tres is the right-adjoint o/ind, and ires is the left-adjoint o/ind. 

Proo/. Let H eH*,U G G", X G ob(c2ttfo ? (i2" s , z mod)), Y G ob(c9JtS r G (G t) , z mod)). 
The adjunction (|3 . 3 1 [) yields homomorphisms of abelian groups 

£x(#o) : X(Z[iJ/ff ]) — > X(re4(coind£(Z[if/ff ]))), 

r7Y(C/): Y(coindg(resg(Z[G/C/]))) — ► Y(Z[G/E/]), 

which are natural in i?o an d respectively. Thus they yield morphisms of coho- 
mological Mackey functors 

e x : X — > tresg* (indg* (X)), 
r) Y : ind£«(tresg„(Y)) — > Y, 
which are natural in X and Y, respectively, i.e., 
, . e : id c!0i5 H (H», s mod) — > tresf', (indg, (_)) 

77: ind Ht (tres HS (_)) — > id c3 j i5G ( G it, z mod) 

are natural transformations of functors. By the first line of (|3.32[) , the composite 
of the maps of cohomological G"-Mackey functors 

(3.41) ind^ (X) ind(Ex) : indg (tresg", (tad* (X))) "- d(X) . tad* (X) 

is the identity on ind*ti (X); while the second line of (|3.32[) yields that the composite 
of 

(3.42) tres* (Y) tres* (ind* (tres* (Y))) : tres* (Y) 

is the identity on tresS a (Y). Hence e is the unit, and r\ is the counit of the adjuction 
(|3.36p . The adjunction (|3.37l) can be proved by a similar argument. □ 

3.7. Prom modules to cohomological Mackey functors and vice versa. Let 

G be a profinite group, and let G dis denote the abelian category of discrete left 
G-modulcs (cf. 12, §1.2.1]). For M G ob( G dis) let h°(M) denote the cohomological 
G'-Mackey functor given by 

(3.43) h°(M)u = M u , 

where for U, V G G", V C U, i^^ 1 ^ is the canonical injection. Let 1Z C U be 
a system of coset representatives of U/V. Then ty^ M ^ — J2r£R r: M V ~ * M u is 
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given by the transfer, and for g G G, c^lf 1 ^ : M u — > M 9U is given by multiplication 
with g. 

Let p be a prime number. For U G G" let lojj = kcr(Z p [[7] — » Z p ) denote the 
augmentation ideal of the completed Z p -algebra of U. Let Q G ob( z [ G jprf). Then 
h (Q) G ob(c3Jt3 r G (G",z p prf)) will denote the cohomological G^-Mackey functor 
given by 

(3.44) h {Q)u = Qu = Q/^u-Q - % P [U\G] § G Q. 

For U,V G G\ V C {/, the map i^ Q) : Qy — >• Qu is just the canonical map, 
and c^°xj ■ Qu Qsu is the map induced by multiplication with g G G, while 



yf 1 : Qu ~>Qv is given by 



(3-45) z^^ + ^.Q) = (E^^'-^+wy.Q. 

Example 3.5. Let G be a profinite group, and let H be a closed subgroup of G. 

(a) Let Z p G ob( G dis) denote the discrete, left G- module isomorphic to Z p . Then 
one has a canonical isomorphism h°(Z p ) ~ T(G, Z p ) (cf. Ex. GOJa)). 

(b) Let Z p G ob(z p [ G ]prf ) denote the profinite, left Z p [G] -module isomorhic to Z p . 
Then one has a canonical isomorphism ho(Z p ) ~ Y(G, Z p ) (cf. Ex. I3.1f b^. 

(c) From Example 13.31 one concludes that one has canonical isomorphisms 



md$(T(F,Z p )) ~ h°(coindg(Z p )), 

(3-46) 

indg„(Y(£r,Z p )) ~ h (ind£(Z p )), 

where ind^r = Z p [G] (E>h — : z [H]P r f — * z [G]P r f is the profinite induction functor 
(cf- 



For X G ob(c9JT^ G (G t *, zmod)), the abelian group ires(X) = ires?A j (X) carries 
naturally the structure of a discrete, left G-module. Moreover, for M G ob( G dis) 
one has a canonical isomorphism 

(3.47) ires(h°(M)) ~ M. 

For Y G ob(cOTJ G (G', z p prf)), the abelian pro-p group tres(Y) = tres^p(Y) 
carries naturally the structure of a profinite, left Z p [G]- module. Furthermore, for 
Q G ob(z p j G ]prf) one has a canonical isomorphism 

(3.48) tres(h (Q)) ~ Q. 

Note that h°: G dis -> cOTS r G (G tt , zmod) is the right-adjoint of the exact functor 
ires: c9Jt3' G (G lt , z mod) -> G dis; while h : z p [G]P rf -> ^^(G 1 *, z p prf) is the 
left-adjoint of the exact functor tres(_) : cUTtScKG", z p prf) — > z p [G]P r f- 

3.8. Homology as cohomological Mackey functor. Let Q G ob(z p [G]P r f)j an d 
let (P,,8,,sq) be a projective resolution of Q in Zp ^ G jpri. Then (h (P,),h Q (d,)) 
is a chain complex in c9JV$g(G^, z p prf) concentrated in positive degrees. The co- 
homological G" -Mackey functor 

(3.49) h fc (Q) = i/ fc (h (P.),h (a.)) 

is independent of the choice of the projective resolution (P., <9 # , £q), and one has 

(3.50) MQ)u - Tor^(Z p ,resg(Q)) = H k (U,res%(Q)). 
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The homology functor commutes with inverse limits. Thus from (|3.34[) one con- 
cludes the following. 

Fact 3.6. Let G be a profinite group, let H be a closed subgroup of G, and let Q 
be a profinite 2j p \G\-module. Then for all k > one has a canonical isomorphism 

(3.51) tres$(h fc (Q)) ~ h fc (resg(Q)). 

Note that Fact 13.61 implies that trcs^-^h^Q)) = for all k > 1, and for any 
Q 6 ob( Zp j G jprf) which is a torsion free abelian pro-p group. Moreover, Fact 13.61 
can be seen as a Pontryagin dual version of the fact that for any discrete left G- 
module M and any closed subgroup H of G one has 

(3.52) H k {H,res G H {M)) = Hm Hg[/ H k (U,ie S $(M)) 

(cf. P21 §1.2.1, Prop. 8]), where the inverse system is running over all open subgroup 
of G containing H . 

4. Section cohomology of cohomological Mackey functors 

In this section we discuss an intrinsic cohomology theory one can define for a 
single cohomological Mackey functor of a profinite group G. Elementary properties 
of this theory can be used to study the injectivity of a homomorphism 4>: X — > Y 
of cohomological Mackey functors (cf. H4.6|) , and they also provide an effective 
criterion to calculate the projective dimension of a profinite, left F p [G]-module M 
in case that G is a pro-p group (cf. Thm. [4T2T]) . Several issues of these cohomology 
groups were discussed in [JJ] and [22] . 

4.1. Cohomological Mackey functors for finite groups. Let G be a finite 
group, let G° = {G, {1}}, and let X 6 ob{m$ G {G° , z mod)). Define 

k°(G,X) = ker(z* {1} ), k^G.X) = Xf 1} / im(i* {1} ), 
(4 " J c (G,X)=coker(if 1}G ), Cl (G, X) = ker(tf 1}G )/o; G X {1} , 

where ujq = kcr(Z[G] — > Z) is the augmentation ideal of the Z-group algebra of G. 
The following properties were established in [HI §2.4]. 

Proposition 4.1. Let G be a finite group, and let X £ ob(c9tt3G(G°, zmod)). 

(a) The canonical maps yield an exact sequence 

(4.2) ^ ci(G, X) X {1} ) k°(G, X) ^ . . . 

. . . c (G, X) H°(G, X {1} ) k x (G, X) 

where H' (G, _) denote the Tate cohomology groups. 

(b) Let *- X s- Y Z s~ be a short exact sequence of coho- 
mological G° -Mackey functors. Then one has exact sequences 

(4.3) k°(G, X) k°(G, Y) ^H. k°(G, Z) . . . 

. . . _ k i( G; X ) k 1 (G, Y) ^1 k^G, Z) 
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(4.4) c l( G,X) ci (G, Y) c l( G, Z) — . . . 
... — c (G, X) ^1 c (G, Y) c (G, Z) . 0. 

4.2. Cohomological Mackey functors for profinite groups. Let G be a profi- 
nite group, let M. be a G-Mackey system, and let U,V E A4, V normal in U . The 
restriction functor (cf. (|3.22[1 ) 

(4.5) res^ /y)0 (_): cm$ G (M, zmod) — ► cOT^/y (([//Vy , z mod) 

is exact. For k = 0, 1 we put (cf. §3.1|) 
(4.6) 

c k (U/V,X) = c k (U/V,ves^ /vr (X)), k k (U/V,X) = k k (U/V, res^ /y)0 (X)). 
Recall that 

tre S (X)=hm t/eM (X [/ ,^ jC7 ), 
ires(X) = lim c/ejM (X C /,i x y ). 
In particular, ires(X) is a discrete left G-module, and 

(4.8) ires(_) : cMdai-M, z mod) — > G dis 
is an exact functor. If G G A4, we denote by 

(4.9) j x :X G ->ires(X) 

the canonical map. If X £ ob(c9H5 r G(-^i z P r f)); then tres(X) is a profinite left 
Z p [G]-module, and 

(4.10) tres(_) : « G (M, z p prf ) — ► z p [G]Prf 

is an exact functor. For X G ob(c9Jl$c(M, zmod)) the higher derived functors 

(4.11) ^ fe tres(X) = lim^ (X v , t* v ) 
k > 1, might not be trivial (cf. [6]). 

4.3. Cohomological Mackey functors of type Let G be a profinite group, 
let Ai be a G-Mackey system, and let X be a cohomological .M-Mackey functor. 
If i X y : X[/ — > Xy is injective for all U, V G .M, V C [7, we call X i-injective. If 

Y is a subfunctor of an i-injective, cohomological .A/f-Mackey functor X, then Y is 
also i-injective. The following fact is straightforward. 

Fact 4.2. Let G be a profinite group, and let M. be a G-Mackey system. The 
cohomological Ai-Mackey functor X is i-injective if, and only if, k (U/V, X) = 
/or every normal section (U, V) in M.. 

For profinite F p [G]-modules (resp. Z p [G]-modules) of finite projective dimen- 
sion one has the following. 

Fact 4.3. Let G be a profinite group, and let M be a profinite, left ¥ p [G] -module 
(resp. ZplGJ-module) of projective dimension d < oo. Then hd(M) is i-injective. 

Proof. By hypothesis, the additive functor Tor d (_, M) is left exact. For U, V G G", 

V C U, the map i*y M) coincides with Torf (F p [U\G] , M) -> Torf (F p [V\G], M) 
which is induced by the injection ¥ p [U\G] — > F P [V\G]. This yields the claim. □ 
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For i-injective cohomological Mackey functors one has also the following. 

Fact 4.4. Let Ai be a G-Mackey system of the profinite group G, and let X be 
an i-injective cohomological Ai-Mackey junctor. Then ires(X) = is equivalent to 
X = 0. 

If Ai contains G and i G jj\ Xg — > X[/ is injective for all U 6 Ai, then we say 
that X is terminally i-injective, i.e., X is terminally z-injective if, and only if, the 
canonical map 

(4.12) j x :X G — >ires(X) 
is injective. 

The cohomological .M-Mackey functor X is said to be of type H° (or to satisfy 
Galois descent), if X is i-injective, and for every normal section {U,V) in Ai, one 
has k 1 (C//F,res^ /y)0 (X)) = 0; e.g., for M e ob( G dis), h°(M) (cf. t^M) is a 
cohomological G"-Mackey functor of type H°. Moreover, one has the following. 

Fact 4.5. Let G be a profinite group, let Ad be a G-Mackey system, and let X be 
a cohomological Ai-Mackey functor of type H° . Then one has a canonical isomor- 
phism 

(4.13) X~res^(h°(ires(X))). 

From Fact 14.21 one concludes the following. 

Fact 4.6. Let G be a profinite group, and let Ai be a G-Mackey system. The 
cohomological Ai-Mackey functor X is of type H° if, and only if, h k (U/V, X) = 
for allU,V €M, V<U, fc = Q,l. 

Suppose that A4 contains G. If the cohomological .M-Mackey functor X is i- 
injective and satisfies k l (G/U, X) = for all U € Ai^ = M n G\ then we say that 
X is terminally of type H°. The following property will turn out to be useful for 
our purpose. 

Fact 4.7. Let G be a pro-p group, let Ai be a G-Mackey system containing G, and 
let X e ob(c9Jt3' G (.M, Fp prf)) be terminally of type H°. Then for every U 6 Ai^ 
one has im(ig = soc G /;y(X;y). 

Proof. As G is a pro-p group, G/U is a finite p-group. Since X is terminally of 
type H°, one has im(i% tU ) = {~X-u) G/U = soc G/c/ (X C /) (cf. gZS]). □ 

4.4. Hilbert '90 cohomological Mackey functors. Let G be a profinite group, 
and let Ai be a G-Mackey system. The cohomological .M-Mackey functor X is said 
to be Hilbert '90, if X is of type H° and for every normal section (U, V) in Ai one 
has ^{U/V.Jiv) = 0. 

Let G be a finite group, and let ft be a finite set with a left G-action. Then 
f2 = Ux<i<r wnere U denotes disjoint union and flj are the G-orbits on f2. Let 
Uj G Qj, and let Gj = stab G (wj) denote the stabilizer of Wj in Gj. For the left 
Zp[G]-permutation module Z p [f2] one has isomorphisms 

(4.14) Z p [n]^ H Z p [^-]~ [J indg.(Z p )~ [J comdg.(Z p ). 
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Hence, by the Eckmann-Shapiro lemma, one has that 

(4.15) H 1 (G, Z p [fi]) ~ Jl H\G J ,Z P )= ]_J Hom gr (G.,-, Z p ) = 0. 

This fact has the following consequence. 

Fact 4.8. Let G be a profinite group, and let H be a closed subgroup of G. Then 
the cohomological G^-Mackey functor ind fft i (T(-ff, Z p )) i s Hilbert '90. 

Proof. Let X = indg* (T(H, Zp)). From the isomorphism X ~ h°(coindg(Z p )) (cf. 
Ex. I3.5f c)) one concludes that X is of type H°. Let (U,V) be a normal section 
in G\ and let W <E G", W C V', which is normal in G. Then Xw is a transitive 
Z p [G/PF]-permutation module, i.e., Xjy — Z p [0] for some finite transitive left 
G/W-set f2. Let il — |_li<j<r^ denote the decomposition of il in V/W-^-orbits, 
and put 2 = { ft; | 1 < i <~r}. As U/W C Ng/w(V/W), 3 is a left [//W-set, and 
one has an isomorphism of left Z p [ £7/1^] -modules Xy ~ Z p [5]. Hence, by (|4.15l) . 
H l (U/V, Xy) = and X is Hilbert '90. □ 

The Hilbert '90 property has also the following consequence. 

Fact 4.9. Let G be a profinite group, let Ad be a G-Mackey system, and let X 6 
ob(c37t3 : G'(A / f, ZpPrf )) &e a Hilbert '90 cohomological Ad-Mackey functor such that 
Xy is torsion free for all U G AL Then X/ p = X/pX is o/ type -ff . 

Proof. By hypothesis, one has a short exact sequence 

(4.16) s-X— ^X ^X /p ^0 

of cohomological A'f-Mackey functors. Let U, V € A4, V normal in U. By Propo- 
sition Hjjb) , one has k°(C7/V,X/ p ) = 0. Hence by Fact I4.2[ X/ p is i-injective. As 
X is Hilbert '90, the buttom row in the diagram 

(4.17) >X(, ^Xu ^(X/pV ^0 



/p 
'u,v 

U/V -xrU/V ,„ sU/V 



*X£" -(X /p )^" -0 

is exact. As X is of type H a , ijjy is an isomorphism. Hence the snake lemma 



implies that ijjy is an isomorphism. This yields the claim. □ 



4.5. Cohomological Mackey functors of type Hq. Let G be a profinite group, 
let Ai be a G-Mackey system, and let X be a cohomological A'f-Mackey functor. 
We will say that X is t-surjective, if tyu'. Xy — > Xy is surjective for all U, V 6 Ad, 
V C U. If Y is the homomorphic image of a t-surjective, cohomological A^-Mackey 
functor X, then Y is also t-surjective. The following fact is straightforward. 

Fact 4.10. Let G be a profinite group, and let M. be a G-Mackey system. The 
cohomological Ai-Mackey functor X is t-surjective if, and only if, co(t//V,X) = 
for all U,V S Ai, V <U. 

From Fact ETJa) one concludes the following. 
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Fact 4.11. Let G be a profinite group, let M be a G-Mackey system, and X 6 
ob(c9Jt5(3(.A/f, ZpPrf )). Then X is t-surjective if, and only i/X/ p = X/pX is t- 
surjective. 

Applying Pontryagin duality (cf. Rem. HOI to Fact 14.41 yields the following. 

Fact 4.12. Let G be a profinite group, let M. be a G-Mackey system, and let 
X G ob(c97t$ G (M, Fl) prf)) (resp. X 6 ob(c9JI^ G (A4, ZpP rf TTien tres(X) = 
implies X = 0. 

The cohomological A4-Mackey functor X is said to be of type H (or to satisfy 
Galois codescent), if X is f-surjective, and for every normal section (U,V) in Ai, 
one has c 1 (C//F,X) = 0, e.g., for Q 6 ob( Zp [ G jprf ) the cohomological G^-Mackey 
functor ho(Q) (cf. (|3.44p ) is of type Hq. Furthermore, one has the following. 

Fact 4.13. Let G be a profinite group, let M. be a G-Mackey system, and let 
X G ob(c9JtS G (A / (, z p prf )) be a cohomological M-Mackey functor of type Hq. Then 
one has a canonical isomorphism 

(4.18) X~res^(h (trcs(X))). 

Remark 4.14. Note that tres: cOJlJg(A^, z p prf) — > z p [G]P rr " is the right-adjoint of 
res^oh : Zp [G]Prf -> cM^ G (M, Zp prf ). Let 

(4-19) s: res^J oh — > id c an3 G (Ai,z p prf) 

denote the counit of the adjunction. Then X is of type H if, and only if, ex is an 
isomorphism. 

By Fact 14.101 one has also the following. 

Fact 4.15. Let G be a profinite group, and let M. be a G-Mackey system. The 
cohomological Ai-Mackey functor X is of type Hq if, and only if, Co(£//V,X) = 
ci(U/V,X) = for all U,V £ M, V <U. 

For projective, profinite left Z p [G]-modules or F p [G]-modules the following is 
true. 

Fact 4.16. Let G be a profinite group, and let Q be a projective, profinite left 
¥ P lGJ-module (resp. liplGJ-module) . Then ho(Q) is a cohomological G*-Mackey 
functor which is also of type H° . 

Proof. By definition and Fact l4.l01 it suffices to show that h (Q) is of type H°. Let 
(U, V) be a normal section in GK As restriction maps projectives to projectives, 
res^(Q) is a projective, profinite left F p [£/]-module. Since _y = Fp^/V] <8>t/ — is 
the left-adjoint of the inflation functor inf^y (_), it maps projectives to projectives 
(cf. [21, Prop. 2.3.10]). Therefore h (Q) v = Qv is a projective left ¥ P [U/V]- 
module, and thus H~ x (U/V,Qv) = H°(U/V,Q V ) = 0. As h (Q) is of type H , 
one has 

(4.20) co(EVV,resg /v) .(ho(Q))) = c x {U /V,Te$ /v)°(MQ))) = «• 
The exact 6-term sequence (14. 2[) implies that 

(4.21) k°([//y,resg /v) o(h (Q))) = k 1 ^, resg /vr (h (Q))) = 0. 

Thus Fact 14.61 yields the claim. The proof for projective, profinite left Z P [G] can 
be transferred verbatim. □ 
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Remark 4.17. Let G be a profmite group, let H be a closed subgroup of G, and let N 
be a closed normal subgroup of G containing H. Put G = G/N. Let T = T(H,W P ) 
be the cohomological iJ"-Mackey functor described in Example I3.1f a). and put 
X = ind^r* (T). Then one has an isomorphism 

(4.22) X ~ h°(coindg(F p )) 

(cf. Ex. E3Kc)). In particular, X is of type H°. Let Y = resgJ(X) (cf. (pT2T]>). 
For any open subgroup U of G containing N, one has Xy = ¥ p [G/U] (cf. Ex. 13.31) . 
Moreover, if V is an open subgroup of G such that N C V C U, one has H n s U = 
H n S V = H for all s G G, i.e., ^ : Xy -> X[/ is the canonical map (cf. (|3.26p ). 
Hence Y ~ ho(F p [G]). In a similar fashion one shows that 

(4.23) resg;(ind£«(T(ff,Z p ))) ~ h (Z p [G]). 

4.6. Injectivity criteria. For a pro-p group G there are very useful criteria ensur- 
ing that a homomorphism </> : X — > Y of cohomological Mackey functors with values 
in the category f prf or jj prf is injective. For cohomological Mackey functors with 
values in F p prf one has the following. 

Lemma 4.18. Let G be a pro-p group, and let M. be a G-Mackey system containing 
G. Suppose that for <fi: X — > Y G mor(c9JT3G(A / (, F p prf )) one has that 

(i) Jy ° <t>G '■ Xg — > ires(Y) is injective (cf. (|4.12|Q , and 

(ii) X is terminally of type H° . 

Then <fi is injective. 

Proof. By hypothesis (i), Iq jj o cf>Q : — > Yjj is injective for all U G M. First 
we show that res^(<^): resj^i,(X) — > res^J|,(Y) is injective. For V G one has 
a commutative diagram 



(4.24) 


X 


G 




G 




;X 






,Y 




l G, V 






l G,V 




X 


V 


^\ y 


V 



As X is terminally of type H°, im(igy) = soc G / v (X.v) (cf. Fact 14 .7| ). Since 
<j> v o i* v = i^ v o <f> G is injective, <t>v\ SOCG/v (x v ) ■ soc G/y (Xy) -> Y v is injective. 
In particular, one has ker(</>y) n socG/y(Xy) = which implies that ker(</>y) = 
(cf. Fact I2.9[) . Thus 4>v is injective. 

Let U G M. There exists V G such that V C U, and one has a commutative 
diagram 



(4.25) 



X 


(7 


Y 


(7 


jX 








X 


v 


^ . y 


V 



Thus as y and 0y are injective, 0c/ is injective. This yields the claim. □ 



Another version of Lemma T4. 181 is the following. 
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Corollary 4.19. Let G be a pro-p group, and let M. be a G-Mackey system con- 
taining G. Let i^:X-)Ye mor(c9Jt3 r G ! (.M, f prf)) be a homomorphism of coho- 
mological A4-Mackey functors satisfying: 

(i) 4>c '■ —s- Yq is injective; 

(ii) Y is terminally i-injective; 

(iii) X is terminally of type H° . 

Then (f> is infective. 

Proof. As Y is terminally i-injective, the canonical map j'y : Yg — > ircs(Y) is 
injective. The claim is therefore a direct consequence of Lemma T4. 181 □ 



From Fact 12.21 one concludes the following criterion for split-injectivity. 

Lemma 4.20. Let G be a pro-p group, and let M. be a G-Mackey system con- 
taining G. Let 4>: X — > Y G mor(cV)l^Q(Ai, f .g.z p mod)) be a homomorphism of 
cohomological M.-Mackey functors with values in the category of finitely generated 
1p-modules with the following properties: 

(i) X?y and Yu are torsion free 1 p -modules for every U G M.; 

(ii) gr (X) is terminally of type H° ; 

(iii) the canonical map j gro (Y) °Z t o{4>g)'- g r o(^G) - ► i r es(gr (Y)) is injective. 
Then <j>u : ~Kjj — > Yjj is split- injective for every U G Ai. 

Proof. By hypothesis (ii) and (iii), gr o (0): gr (X) — > gr (Y) satisfies the hypoth- 
esis of Lemma mm and thus is injective. Let U E M and k > 0. Then one has a 
commutative diagram 

(4-26) gr (X y ) SroiM : g T (Yu) 



gr fc (X,y) ^ gr k (Yu) 

where the vertical maps are isomorphisms by hypothesis (i). Hence gr k (<f>u) is 
injective for all k > 0. Thus, by Fact 12.21 <fru : X(/ — > Yy is split-injective. □ 



4.7. A dimension theorem. For a pro-p group G one has the following theorem. 

Theorem 4.21. Let G be a pro-p group, let B be a basis of neighbourhoods of 
1 G G consisting of open subgroups of G, and let M be a profinite left F ' p \G\-module 
satisfying Hd(G, M) =/= 0, d > 0. Then the following are equivalent. 

(i) prdim(M) = d; 

(ii) cor G ,c : H d (G,M) — > H d (U,res^(M)) is injective for all U G B. 

Proof. By Fact 14.31 it suffices to show that (ii) implies (i). Since B is a basis, 
(ii) implies that coig,u- Hd(G,M) — > Hd(U,res^(M)) is injective for every open 
subgroup U of G. Let (P. , <9.,£m) be a minimal projective resolution of M in 
Fp[G]P r f (cf. Fact 12.3ft . Then (ho(Pfe), ho(<9fc)) is a chain complex of cohomological 
G'-Mackey functors with values in F p prf . Furthermore, for all fc > one has the 
short exact sequences of cohomological G'-Mackey functors 

(4.27) ker(h (d fe )) ^ h (P fc ) — ^ im(h (d fe )) 0; 

> im(ho(9 fe+ i)) ker(h (3 fe )) h k (M) 0; 
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where ik is given by inclusion. By Fact 14.161 ho(Pfc) is of type H° and Hq. Hence 
ker(ho(9fe)) is i-injective for all k > (cf. §4.3p . 

As (P,, 9.,£jvf) is a minimal projective resolution, (ho(Pfc) G , ho(9fc) G ) is a chain 
complex with values in F p prf with trivial differential (cf. Fact I2.5[) . Thus t G and 
(3q are isomorphisms for all k > 0. 

Let U be an open normal subgroup of G. As ho(Pz) is of type H°, and since t G 
is an isomorphism, one has 

2 #7 = soc G/a (h (P d ) t/ ) - im( iG «[f d) ) 

= im(4 e J ho(ad)) ) = soc G/[r (ker(h (^))a). 
Suppose that U € M and consider the commutative diagram 

(4.29) ker(h (cW) G h d (M) G 



kor(h O d » 
l G,U 



h d (M) 
l G,U 



ker(h (a rf ))a^-h d (M) t/ . 

By hypothesis, ? G d y ^ is injective. Furthermore, i^ 1 ^ 10 '' 9 ''^ is injective, and /3 G is 
an isomorphism. Thus by (|4.29p . [3 u \s u ■ Su — > hd(M)[/ must be injective. Hence 
ker(f3 u ) has trivial intersection with Su, and thus ker(/3^) = (cf. Fact 12. 9j) . i.e., 
/3y- is injective. From the exact diagram (I4.27[) one concludes that afj = 0. In 
particular, tres(a d ) = 0. 

Since tres(_) is exact (cf. M4.2|) . one concludes that tres(im(ho(d<j+i))) = 0. 
Moreover, as im(ho(9<j+i)) is a homomorphic image of ho(Pz+i), the cohomological 
G"-Mackey functor im(ho(9<j+i)) is f-surjective (cf. §4.5|) . Hence im(ho(<9ci+i)) = 
(cf. FactE!]), i.e., h (<9d+i): h (P d +i) -> h (P d ) is the 0-map. Thus 

(4.30) tres(h (9 d+ i)) = d d+1 : P d+1 -> P d 

is the 0-map (cf. Rem. 14.141) . The minimality of (P,,9.,£m) then implies that 
P d+k = for all k > 1. □ 

4.8. Free pro-p groups. For a pro-p group G we denote by El = E1(G) the 

cohomological G tt -Mackey functor hi(F p ), i.e., Ely = £/ ab < cl for all U E GK As a 
consequence of Theorem 14.211 one has the following characterization of free pro-p 
groups. 

Corollary 4.22. Let G be a pro-p group, and let B be a basis of neighbourhoods of 
1 G G consisting of open subgroups of G. Then the following are equivalent: 

(i) G is a free pro-p group. 

(ii) i^ v : £/ ab ' cl -)• y ab ' cl is injective for all U,V e G* , V C U . 

(iii) ig^: G ab < cl -> C/ ab ' cl is injective for all U eB. 

(iv) The canonical map j^\- G ab,cl — > Di(¥ p ) is injective. 

Proof. A non-trivial pro-p group G is free if, and only if, cd p (G) = 1 (cf. [12j 
§1.4.2, Cor. 2]). For a profmite group the cohomological p-dimension coincides 
with the projective dimension of the trivial profmite F p [G]-module ¥ p (cf. [TTJ 
Prop. 7.1.4]). The implication (i)=>(ii) follows from Fact 14.31 (ii)=>(iii) is trivial, 
and (iii)=>(i) follows from Theorem 14.211 The equivalence (iii)<^(iv) is a direct 
consequence of the definition of Di(¥ p ) (cf. (|1.2p ). □ 
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5. Ends and directions 

In this section we will denote by lz e Z p a fixed generator of the additive group 
of the p-adic integers. 

5.1. Pro-p groups with an F p -direction. For a pro-p group with an F p -direction 
one has the following. 

Theorem 5.1. Let G be a pro-p group with an ¥ p -direction G — > Z p A G. Let 
E = im(er), and let N = cl(( s S | g S G)) denote the closure of the normal closure 
o/E. Then one has the following: 

(a) N is a free pro-p group. 

(b) Let G = G/N . Then one has a canonical isomorphism 

(5.1) A//$(A0^F p [G] 

of pro finite, left¥ p \G\-modules. 

(c) The extension of pro-p groups 

(5.2) {1} ^N/${Nf *-G/$(N) G » {1} 

splits. 

Proof, (a) Let T = T(E,I P ) (cf. Ex.OJa)), and let 4>: T -> EI(E) = tresg," (E1(G)) 
(cf. Fact I3.6|) be the isomorphism of cohomological E'-Mackey functors induced by 
s = <i(l Zp ), i.e., for S G E», |E : S| =p h , one has <fe(l Fp ) = s^S). 

Let <j>: ind^«(T) — > E1(G) be the mapping induced by 4> (cf. (|3.36[) ) . i.e., with 
the notation established in Example I3.3f a) one has for U e G J , G = \J ren ErU, 
RCGa system of coset representatives for T\G/U and |E : E n rUr^ 1 \ = p h that 

(5.3) 4>u{^rU) = (r- 1 s phr r)$([/). 

As indgJ(T) ~ h°(coindg(F p )) (cf. dOB) ). indfjf(T) is of type H°. Moreover, 
Jei(^g(^1G)) = j'ei(s$(G)) 7^ 0, i.e., jei ° </>g is injective. Thus by Lemma 14.181 
<fi is injective. Put Z = im(0) C E1(G). Then Z is an i-injective cohomological 
G J -Mackey subfunctor of E1(G) (cf. JO]). 

Since G is a pro-p group, M = { V 6 AT" | normal in G } is a normal AT- 
Mackey basis (cf. N3. 1[) . Suppose that AT is not free, i.e., cd p (A') > 1. Thus by 
Corollary 14.22( 111). there exists an element n <E N \ $(AT), and an open subgroup 
Wo e M such that i®\ Wo (n<f>(N)) = 0. Hence i^ 1 w ,(n$(A r )) = for all W e wj. 
Since n ^ $(AT), there exists an open subgroup V Q of G containing N such that 
n ^ 3>(V ) (cf. 11, Prop. 2.8.9]). Hence n $(V) for all open subgroups V of V Q 
containing A^. 

Let U be an open normal subgroup of G, such that U Pi AT C Wo and [/ C y o . In 
particular, NU C y o . As NU/U and N/(N O U) are canonically isomorphic, one 
has a commutative diagram 

(5.4) N/$(N) NU/<Z>(NU) 

■ E\(N) T .KI(> 

l N i Nr\U 2 JVU 

(AT n U)/$(N n [/) — * t//$(E/) 



E1(G) 

NU,U 
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where a and (3 are the canonical maps. Let 7 denote the diagonal map. Since 
NU C Vo, a(n.&(N)) ^ 0. As N is generated as normal subgroup by £, one has 
im(a) = Znu- As i^Tju\z NU = i%uu ^ s injective, one has j(n&(N)) ^ 0. Since 
N n [/ is an open subgroup of W , one has i^ 1 ^ [/ (n < l ) (A)) = 0; in particular, 
7(n$(iV)) = 0, a contradiction. Thus JV is a free pro-p group, 
(b) As N is generated as normal subgroup by £, one has an isomorphism of profinitc 
left F p [G]-modules 

(5.5) 



Let Y = resgJ(Z). Then Y ~ h (F p [G]) (cf. Rem. ST?]). In particular, one has 



an isomorphism l^im 



NCUQoG ' 



tres e «(Y) ~ F P [G]. (cf. Rem. 02). 



(c) Since F p [G] is a profinite, projective left F p [G]-module, Y = resgJ(Z) is also 
of type H° (cf. FactgTU), i.e., Y ~ h°(coindf 1} (F p )). The functor 

(5.6) iresg, : c9Jl5 r (3 (G S , Fp dis) — > F p [G] dis 

is the left-adjoint of the functor 



(5.7) 



h°(_): ¥vm dis — > dmS e (G», Fp dis). 



As iresgj is exact, h°(_) is mapping injective, discrete left F p [G]-modules to in- 
jectives functors in cHK : Sq(&, F p dis) (cf. [HJ Prop. 2.3.10]). In particular, Y is 
injective in Fp dis). Since A = resgj (E1(G)) G ob(cW (5 (G J , Fp dis)), 

there exists a cohomological G'-subfunctor B of A such that A = B © Y. 

Let A4 be a normal G-Mackey basis, and let tt: G — >• G denote the canonical 
projection. For U G M let U = { u G G | 7r(u) £ (7}, and put G<j = G/$(C/). 
Then one has canonical projections tiq : Gp — > G/U for all [7 € M. Moreover, for 
V G .M with V" C [7 one has a commutative diagram 



(5.8) 




with exact rows, where fly fj : Gy —¥ Gjj and vv,u '■ G/V —¥ G/U are the canonical 
maps. We also assume that Ijj is given by inclusion. Put Gjj — G^/B^, and let 
TTfj : : Gfj — > G/U denote the canonical projection. Then one has a commutative 
diagram 



(5.9) t v : {1} 



{1} 



Gy 



Gjj 



G/V- 



G/U 



{1} 



{1} 



with exact rows, where \iy jj : Gy 



— > Gjj is the induced map. Let pjj : G — > Gjj 
denote the canonical projection, and put K-q = ker(pp). By construction, one has 
$([/) C Kjj C U. In particular, for K = C\ueM ^f?' one nas 

(5.10) $(JV) CJCCJV 
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(cf. [TO Prop. 2.8.9]). By construction, one has N/K ~ F P [G], and - thus by (b) - 
K = ${N). Let 

(5.11) s: {1} *N/$(N) >-G/$(N) >■ G »- {1} 

denote the short exact sequence associated to the extension G/$(A) — > G, and 
let [sq] denote the image of [s] in H^ ts (G,¥ p [G/U}). Then - by construction - 
[sfj] = mi G /jj (It u]), where infg/;^—) is the inflation map 

(5.12) inf| /c/ (_): H 2 (G/U,¥ P [G/U\) — > H 2 cts (G,¥ p [G /U}), 

and tjj is given as in (|5.9p . As ¥ p [G/U] is an injective F p [G/£/]-module, one has 
[tjj] = 0, and therefore [sjj] = 0. Hence, by Proposition 12.81 one has [s] = 0, and 
this yields the claim. □ 

5.2. Special extensions of pro-p groups. The following theorem shows that 
the splitting of a special pro-p extension implies the decomposition of the extension 
group G as a free product. 

e 

Theorem 5.2. Let {1} s- N — L —^ G — G >■ {1} be a split special pro- 

p extension, i.e., -koO = idg. Then there exists a closed free pro-p subgroup F C N 
such that G is isomorphic to F\\G. 

Proof. As G is a pro-p group, every projective profinite left F p [G]-module is free, 
i.e., there exists a profinite set 2) and an isomorphism of left F p [G] -modules 

(5.13) i>: F p [G]gF p [2)] — > N/<Z>(N). 

Let s: N/$>(N) — >• N be a continuous section of the canonical projection (cf. [HJ 
Prop. 1.1.2]). Then X = s(V>(l £S> 2))) C N is a closed subset and thus profinite. 
Let F(X) be the free pro-p group defined over the profinite set X. Then one has a 
canonical homomorphism of pro-p groups 4>: F(X) — > N. Put F — im(0). Then - 
as F is a closed subgroup of N - F is free. By construction, the induced morphism 
of profinite F p -vector spaces 

(5.14) F(X)/$(F(X)) — > 

is an isomorphism. Thus <p : F(X) — > F is an isomorphism, and F is free over 
the profinite set </> (X). Let l : F — > G be the mapping induced by inclusion. 
Then one has a homomorphism of pro-p groups ft — i o \\0'- F\\G — > G. Put 
M = cl(( 9 F | g £ G)) and consider the commutative diagram with exact rows 

(5.15) {1} >■ M ^ F]JG ^ G ^{1} 



{1} a- N ^G ^G ^{1}. 

By construction, the induced map a ■ M/$(M) — » N/$>(N) is an isomorphism of 
profinite F p -vector spaces. As M and TV are free, a is an isomorphism. From the 
snake lemma one concludes that (3 is an isomorphism. □ 
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5.3. The number of F p -ends. Let G be a profinite group, and let H C G be a 
closed subgroup of G. Then one can define an index \G : H\ of H in G which is 
a supernatural number (cf. (lit Prop. 2.3.2(c)]). The fixed points of the transitive 
permutation modules ¥ P \G/H\ and Z p [G] are related to this index as follows. 

Proposition 5.3. Let G be a profinite group, and let H C G be a closed subgroup 
ofG. Then 



(5.16) 

and 

(5.17) 



Hom G (F p ,F p [G/ff]) 



Hom G (Z p ,Z p [G/ff]) 



IFp if P°° does not divide \G : H\, 

ifp°° divides \G : H\, 

Z p if P°° does not divide \G : H\. 

ifp°° divides \G :H\. 



Proof. Let U and V be open normal subgroups in G, V C [7. Then one has a 
commutative diagram 



(5.18) 



2„ 



Z„ 



ZpIG/ffV] -S- Z p [G/ff£/] G 

where the vertical maps are isomorphisms, ay,;/ is the canonical map, and (3 is 
given by multiplication with \HU/HV\, This shows (|5.17[) . The isomorphism 
(15.161) follows by a similar argument. □ 

For a pro-p group G, A. A. Korenev defined in [7] the number of F p -ends by 

(5.19) E(G) = 1 - dim Fp (ff c ° ts (G,F p [G])) + dim r , F P [G])). 
If G is countably based, one has an isomorphism 

(5.20) ^(F p ) v ~ ljm UQoG H l (U,F p ) ~ ff c \ s (G, F P [G]). 

Hence, by Proposition 15.31 for an infinite finitely generated pro-p group G one has 
E(G) = 1 + dim(Z?i(F p )). Let G be a finitely generated pro-p group. Then G is 
called FAlB if U ah = U/d([U, U]) is finite for every open subgroup U of G. The 
following theorem has been proved in [23] . 

Theorem 5.4. Let G be a FAb pro-p group. Then H^ ts (G,¥ P lGj) = 0. In parti- 
cular, if G is infinite, then E(G) = 1. 

From Theorem 15.41 one concludes the following. 

Theorem 5.5. Let G be a finitely generated pro-p group with E(G) > 1. Then 
there exists an open normal subgroup U of G with an F ' p - direction U Z p A U. 

Proof. By Theorem l5.4[ there exists an open subgroup U of G such that f/ ab is an 
infinite, finitely generated Z p -module. Since V ab is infinite for any open subgroup 
V of U, the open subgroup U can be chosen to be normal in G. As D\(¥ p ) = 
liin^j- G U ah ' cl , we may also assume that the map jm,u ■ J7 ab,cl ~> Di(¥ p ) is non- 
trivial. There exists a non-trivial torsion free Z p -submodulc G of [7 ab satisfying 

2 This is an abbreviation for finite abelianizations. 
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U ah = tor(J7 ab ) © C. Let n: [7 ab -> £/ ab < cl denote the canonical map. We may 
consider two cases separately. 

Case 1: j-E\.u{rj(C)) ^ 0. In this case there exists c G G such that Jei,(/(?7(c)) 7^ 0. 
As c g" pC C $([/ ab ), Z p c is a direct summand of G isomorphic to Z p , and thus 
also a direct summand of C/ ab . Let c € U be such that c = ccl([C/, [/]), and let V 
be a Zp-submodule of C/ ab such that [7 ab = Z p c © V. Define the homomorphism 
f: [7 ab — » Z p by f(c) = 2, V = ker(f), and let r: U — >■ Z p be the induced map; 
define er : Z p — > [7 by a(z) — c. It is straightforward to verify that U Z p A {/ is 
an Fp-direction. 

Case 2: jm,u('n(C')) = 0- By hypothesis, there exists an element x G tor([/ ab ) 
satisfying jEi,u(v( x )) 0) an d c G C, c ^ pG. Let C C C be such that C — 
1i p c © Co . Then y = x + c is an element generating a submodule isomorphic to 
Z p , and C = Zpj/ © C a is a complement of tor(t/ ab ) in [7 ab . By construction, 
jEi,c/(y?(C")) 7^ and one can proceed as in Case 1. □ 

Remark 5.6. Let G be a finitely generated, infinite pro-p group. Then either 
E(G) = 1, or G contains an open subgroup U with an Fp-direction U — >• Z p A {7 
(cf. Thm. 15. 5p . Put S = im(cr). If \U : S| < 00, then G is virtually cyclic, and - 
as dim(Di(p)) = 1 - one has E(G) = 2. Assume that |[7 : £| = 00. By the proof 
of Theorem 15. 1 f a). Di(¥ p ) contains the subgroup ireS[/j(Z) which is isomorphic 
to coind^(Fp). Hence dim(Di(F p )) = 00, and therefore E(G) = 00. Hence The- 
orem 15.11 and Theorem 15.51 provide an alternative proof of the fact that the only 
possible values for E(G) are 0, 1, 2 and 00 (cf. [?])■ 

Finally we obtain the following structural result for finitely generated pro-p 
groups with infinitely many ends (cf. Thm. 15. 1[ Thm. I5.5j) . 

Theorem 5.7. Let G be a finitely generated pro-p group satisfying E(G) = 00. 
Then G contains an open normal subgroup U and a closed subgroup N , N =/= U , 
with the following properties: 

(a) N is normal in U ; 

(b) N is a non-trivial free pro-p subgroup; 

(c) A ab > cl ~ FplU/Nj as profinite left ¥ P [U/Nj -module; 

(d) the extension {1} -> 7V ab < el U/$(N) -t U/N -> {1} splits. 

References 

[1] D. J. Benson, Representations and cohomology. I, Cambridge Studies in Advanced Mathe- 
matics, vol. 30, Cambridge University Press, Cambridge, 1991, Basic representation theory 
of finite groups and associative algebras. MR 1110581 (92m:20005) 

[2] S. Bouc, Green functors and G-sets, Lecture Notes in Mathematics, vol. 1671, Springer- 
Verlag, Berlin, 1997. MR 1483069 (99c:20010) 

[3] K. S. Brown, Cohomology of groups, Graduate Texts in Mathematics, vol. 87, Springer- Verlag, 
New York, 1982. MR 672956 (83k:20002) 

[4] A. Brumer, Pseudocompact algebras, profinite groups and class formations, J. Algebra 4 
(1966), 442-470. MR 0202790 (34 #2650) 

[5] A. W. M. Dress, Contributions to the theory of induced representations, Algebraic /^-theory, 
II: "Classical" algebraic i^-theory and connections with arithmetic (Proc. Conf. , Battelle 
Memorial Inst., Seattle, Wash., 1972), Springer, Berlin, 1973, pp. 183-240. Lecture Notes in 
Math., Vol. 342. MR 0384917 (52 #5787) 

[6] C. U. Jensen, Les foncteurs derives de lim et leurs applications en theorie des modules, 
Lecture Notes in Mathematics, Vol. 254, Springer- Verlag, Berlin, 1972. MR 0407091 (53 
#10874) 



THE PROJECTIVE DIMENSION OF PROFINITE MODULES FOR PRO-P GROUPS 27 



[7] A. A. Korenev, Pro-p groups with a finite number of ends, Mat. Zametki 76 (2004), no. 4, 

531-538. MR 2112069 (2005i:20042) 
[8] S. Mac Lane, Homology, Classics in Mathematics, Springer- Verlag, Berlin, 1995, Reprint of 

the 1975 edition. MR 1344215 (96d:18001) 
[9] , Categories for the working mathematician, second ed., Graduate Texts in Mathe- 
matics, vol. 5, Springer- Verlag, New York, 1998. MR 1712872 (2001j: 18001) 
[10] J. Neukirch, A. Schmidt, and K. Wingberg, Cohomology of number fields, Grundlehren der 

Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 323, 

Springer- Verlag, Berlin, 2000. MR 1737196 (2000j:11168) 
[11] L. Ribes and P. Zalesskii, Profinite groups, Ergebnisse der Mathematik und ihrer Grenzgebi- 

ete; Folge 3, Vol. 40, Springer- Verlag, Berlin, 2000. 
[12] J-P. Serre, Galois cohomology, Springer- Verlag, Berlin, 1997, Translated from the French by 

Patrick Ion and revised by the author. MR 1466966 (98g:12007) 
[13] J. R. Stallings, On torsion-free groups with infinitely many ends, Ann. of Math. (2) 88 (1968), 

312-334. 

[14] P. Symonds and Th. Weigel, Cohomology of p-adic analytic groups, New horizons in pro- 
p groups, Progr. Math., vol. 184, Birkhiiuser Boston, Boston, MA, 2000, pp. 349-410. 
MR 1765127 (2001k:22025) 

[15] J. Tate, Relations between K2 and Galois cohomology, Invent. Math. 36 (1976), 257-274. 
MR 0429837 (55 #2847) 

[16] J. Thevenaz, A visit to the kingdom of the Mackey functors, Bayreuth. Math. Schr. (1990), 
no. 33, 215-241, Darstellungstheorietage (Sion, 1989). MR 1063878 (91c:20022) 

[17] J. Thevenaz and P. J. Webb, Simple Mackey functors, Proceedings of the Second Interna- 
tional Group Theory Conference (Bressanone, 1989), no. 23, 1990, pp. 299-319. MR 1068370 
(91g:20011) 

[18] , The structure of Mackey functors, Trans. Amer. Math. Soc. 347 (1995), no. 6, 

1865-1961. MR 1261590 (95i:20018) 

[19] B. Torrecillas and Th. Weigel, Lattices and cohomological Mackey functors for finite cyclic 
p-groups, preprint, available at http://arxiv.org/abs/1209.1932, 2012. 

[20] P. J. Webb, A guide to Mackey functors, Handbook of algebra, Vol. 2, North-Holland, Ams- 
terdam, 2000, pp. 805-836. MR 1759612 (2001f:20031) 

[21] C. A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Math- 
ematics, vol. 38, Cambridge University Press, Cambridge, 1994. MR 1269324 (95f: 18001) 

[22] Th. Weigel, Frattini extensions and class field theory, Groups St. Andrews 2005. Vol. 2, 
London Math. Soc. Lecture Note Ser., vol. 340, Cambridge Univ. Press, Cambridge, 2007, 
pp. 661-684. MR 2331625 (2008j:20080) 

[23] , On profinite groups with finite abelianizations, Selecta Math. (N.S.) 13 (2007), no. 1, 

175-181. MR 2330590 (2008g:20056) 

[24] Th. Weigel and P. A. Zalesskii, Stallings' decomposition theorem for pro-p groups, preprint, 
2013. 

Th. Weigel, Universita di Milano-Bicooca, U5-3067, Via R.Cozzi, 53, 20125 Milano, 
Italy 

E-mail address: thomas.weigelOunimib.it 



